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ON GENERA OF COVERINGS OF TORUS BUNDLES 


VICTOR NUNEZ, ENRIQUE RAMIREZ-LOSADA, 
AND JAIR REMIGIO-JUAREZ 


Abstract. After showing that a covering space of surface bun¬ 
dles over factors as a ‘covering of fibers’ followed by a ‘power 
covering’, we prove that, for torus bundles, power coverings do not 
lower Heegaard genus, and that fiber coverings lower the genus 
only in special cases. 


1. Introduction. 

Any closed connected S-manifold M is the union of two handlebodies 
with pairwise disjoint interiors. The minimal genus of the handlebodies 
among all such decompositions is called the Heegaard genus of M, or 
simply the genus of M and is denoted by g{M). The rank of a group 
is the cardinality of a minimal set of generators for the group. The 
rank of the fundamental group of M is called the rank of M, and 
gives a lower bound rank{ni{M)) < g{M). For a covering space of 3- 
manifolds cp ■. M ^ M, we say that (p lowers the genus if g{M) < g{M). 

There are two famous questions. First, for a 3-manifold M, is the 
genus of M equal to the rank of M? And, secondly, if the fundamental 
group of M contains a hnite index subgroup of a given rank, can the 
rank of the subgroup be smaller than the rank of Ml In terms of 
covering spaces, we can pose the second question as: Is there a hnite- 
sheeted covering space of M that lowers the genus? and, how large is 
the lowering? 

P. Shalen states two conjectures ([8]): 

(1) For closed connected orientable hyperbolic 3-manifolds rank 
equals genus. 

(2) For closed connected orientable hyperbolic 3-manifolds a hnite- 
sheeted covering space lowers the genus at most by one. 
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With respect to Conjecture ([I]), we know nowadays that the genus 
can be arbitrarily larger than the rank (for non-hyperbolic manifolds 
see [7]; for hyperbolic manifolds see 0 )- 

With respect to Conjecture (E]), one needs to establish for a given 
manifold, hrst, if there are indeed covering spaces that lower the genus, 
and, then, to determine how large is the lowering. For hyperbolic man¬ 
ifolds very few examples of genus-lowering covering spaces are known 
(see [H], Section 4.5). For non-hyperbolic manifolds we can distinguish 
cases: 


(1) If 7ri(M) is finite and non-trivial, then the universal cover of M 
lowers the genus. 

(2) If M is a torus bundle over we show in this work that only 
in special cases M admits genus-lowering covering spaces. 

(3) For Seifert manifolds with orbit surface of genus g, 

(a) g 7 ^ 0, there are only few examples of genus-lowering 
covering spaces (see Section [5] and [5]). 

(b) If 5 ^ = 0, there are examples, but it is an open problem to 
determine all possible genus-lowering covering spaces. 

(4) If M is a graph-manifold, it is an open problem to determine if 
there are genus-lowering covering spaces of M. 


The paper is organized as follows. In Section Ej after some algebraic 
remarks, we determine the structure of the covering spaces of surface 
bundles, namely, we show that any covering space of surface bundles is 
a product of a covering of hbers followed by a power covering (Corol¬ 
lary El3]). This reduces the problem of hnding coverings that lower the 
genus to hnding either power coverings or hber coverings that lower the 
genus. We also enlist results on torus bundles from [6] that are used 
throughout the paper. In Section |3] we show that power coverings of 
torus bundles do not lower the genus. In Section 0] we determine the 
structure of the coverings of hbers of torus bundles (Theorem 14.ip and 
characterize the examples of coverings of hbers of torus bundles that 
lower the genus iTheorem I4.12p . Of interest is Corollary 14.91 where we 
explicitly describe the subgroups of the fundamental group of the torus 
which correspond to hnite covering spaces. We include in Section |5] the 
examples of covering spaces of Seifert manifolds that lower the genus 
mentioned above. These coverings of Seifert manifolds are cyclic, and 
give examples for the remark in Section 4.6 of [8]. 
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2. Preliminaries. 

If X is a set, we write S{X) for the symmetric group on the symbols 
in X. If #(X) = n, we write Sn = S{X). If G < S{X), and i E X, we 
write Stcii) = {<J E G : a{i) = f}; also write St{i) = Sts{x){i)- 

Lemma 2.1. Assume that G < Sn is a transitive group and K <\ G. 
Let Ai ,Am he the orbits of K. Then for each i E {1,..., m} and 
each a E G, a ■ Ai = As for some s. In particular ffAi = ■ ■ ■ = jfAm- 

Proof. For a E G and f G {1,..., m}, 


K-{a-Ai) = {K-a)-Ai 


= {ct-K)-A, 

for, K is normal. 

= a-{K-Ai) 


= cr ■ Ai, 

for, Aj is an orbit of K. 


Thus (j ■ Ai is a. union of orbits of K. Since A^ is an orbit, A^ ^ 0. 
Pick some a E Ap, then a{a) G Ag for some s, and Ag (Z a ■ Ai. 

Assume that there is a t such that At Z a ■ Ai. Choose h E At such 
that a{h) G Af . Since there is a Ti G X such that ri(a) = 6 , then 
a{h) = cr(ri(a)) = r 2 (a(a)) for some other T 2 E K for, K is normal. 
Since Ag is an orbit of K, then r 2 (cr(a)) G Ag. Then AgZ At ^ 0, and 
therefore Ag = At. We conclude that a ■ At = Ag. 

Since G is transitive, for each s there is a a G G such that a-Ai = Ag. 
It follows that #Ai = ■ ■ ■ = ^Am- □ 

Lemma 2 . 2 . Assume that G < Sn is a transitive group and K <\ G. 
Then there exist homomorphisms q : G ^ Sm and 7 : q~^{St{l)) -E 
Sn/m such that Stcil) Z q~^{St{l)), and q{K) = 1, and 'j\K is tran¬ 
sitive. 

Proof. By Lemma [?Tl G is imprimitive with the orbits of iC, Ai,..., Am, 
a set of imprimitivity blocks. We assume that 1 G Ai. Then we 
have these homomorphisms: q : G ^ ^({Ai,..., Am}) = Sm which is 
induced by the quotient p : Ai U • • • U Am —)■ {Ai,..., Am} such that 
p{a) = Ai ^ a E Aj, and 7 : q~^{St{Ai)) —)■ ^(Ai) = Sn/m which is 
given by restriction 7 ((j) = a|Ai. □ 


2.1. Coverings of surface bundles. 
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Corollary 2.3. Let F ^ M ^ be a surface bundle over , and let 
ip : M ^ M be an n-fold covering space. Then there is a commutative 
diagram of covering spaces of surface bundles over 

M 



M 

such that ipq and ip.y are m-fold and n/m-fold covering spaces, respec¬ 
tively, and ip~^{F) = FiU- • -UFm with ipq\ : Ft ^ F a homeomorphism 
for i = 1,... ,m, and ip~^{F) is connected for F any fiber of N. 

Proof. Recall that, if F ^ M ^ is a surface bundle, then 7ri(M) is 
isomorphic to a semi-direct product 7Ti{F) xi Z. In particular 7ii{F) < 
7ri(M). Then a;(7ri(F)) < Imageioj) where u : 7ri(M) —)■ Sn is the 
representation associated to (p. Lemma [2.21 applies. 

□ 


Remark 2.4. Note that the coverings ip^y or ipq in Corollary 12.31 might 
be homeomorphisms. 

Let F M —)■ be a surface bundle. Then there is a homeomor¬ 

phism h : F ^ F, the monodromy of M, such that 

Fx I 


M = 


(a;,0) ~ {h{x),l)' 

The infinite cyclic covering of M, -u : F x R —)■ M, is the covering cor¬ 
responding to the subgroup 7ri(F) < 7ri(M), and has covering transla¬ 
tions generated byt:FxR—)-FxR, such that t{x, A) = {h{x), A-|-1). 

Remark 2.5. Let F ^ M ^ he the surface bundle of Corol¬ 
lary O 

(1) The covering ipq : N ^ M of the corollary is constructed by 
taking m copies F x / x {!},..., F x / x {m}, and then glueing 
((fO),*) ((h(x), 1), i-fl) where the indices are taken mod m; 

that is, 

F x / x {1} U ■ ■ • U F X / X {m} 


N = 


((x, 0),i) ~ ((h(a;),l),z + 1) 
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Note that N is an F-bundle with monodromy h™. 

(2) The covering cp-y : M ^ N of the corollary is constructed by 
taking the covering space 'ip : F ^ F associated to a;|7ri(F) : 
7ri(F) —)■ Sn/m, and some monodromy g : F ^ F such that the 
diagram 


F 

V’ 

F 


^ F 
^ F 


commutes, where g is the monodromy of N. And 


The covering projection is obtained from x 1. 

(3) The covering tpq ■. N ^ M in the corollary is characterized by 
a commutative diagram of covering spaces 

F X M 


N 


M 



where u and v are inhnite cyclic coverings. We call this type of 
covering space a power covering. 

(4) The covering ip.y ■. M ^ N in the corollary is characterized by 
a commutative diagram of covering spaces 


F X M F X M 


U\ 

9^7 


u 


M 


M 
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where "0 is as in (| 2 ]), and u and u are infinite cyclic coverings. 
We call this type of covering space a covering of fibers. 

Notice that, since -0x1 sends each fundamental region of u 
onto a fundamental region of u, the covering x 1 commutes 
with the covering translations of u and u. 

2.2. Torus bundles. Let M be a torus bundle over S^. Then 


(x,0) ~ (dl(a;),l)’ 

for some homeomorphism A : ^ We write M = for the 

torus bundle with monodromy A. Throughout this paper we fix a ba¬ 
sis vri(T^) = {x,y : [x,y]). With respect to this basis, the homeomor¬ 
phism A can be identified with an integral invertible matrix, namely, 
its induced isomorphism A^ : 7 ri(T) —)■ 7 ri(T). We consider here only 
orientable torus bundles, that is, A G S'L(2,Z). 

It is known that the Heegaard genus of Ma is two or three. Also the 
fundamental group of Ma is a semi-direct product 

TifiMA) = ti(T^) X Z = : x* = x^y'^.y^ = x^y\ [x,y] = 1), 

where A = ( 5 ) • The first homology group of Ma is of the form 
Hi{Ma) = Z © Coker {A - /) ^ Z © Z„j © Z^^ 
where ni|n 2 . 

By [S], the following conditions are equivalent: 

• Ma is a double branched covering of S^. 

• ni = 1, 2. 

• A is conjugate to () in GL(2, Z) for some integers a 
and b. 

Notice that that is, the inte¬ 

gers a and b are interchangeable. 

If the Heegaard genus of M 4 is two, then Ma is a double branched 
covering of the 3-sphere. Also, q(MA) = 2 if and only if A is coniugate 
to feT\) in GL(2,Z) (see 0). 

If A = write Ma^ = Ma- Then the numbers a and b are 

complete invariants of Ma- That is, = Ma 2 ,b 2 h and only if the 

sets {ai, 6 i} = { 02 , 62 }, except for Mi^ = M 2,3 (see [ 6 j, Theorem 4). 
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3. Power coverings of torus bundles. 


In this section we prove 

Theorem 3.1. Let t] : M ^ M be a finite power covering space of 
torus bundles. If the Heegaard genus of M is three, then the Heegaard 
genus of M is also three. 

Proof. Let us assume that M = for some A G S'L(2,Z), and fix 
T] : M ^ Ma an n-fold power covering. Then M = M^n. In the 
following lemmata we check that, if the Heegaard genus of fofo is three 
and n > 2, then the genus of ilfon is at least three, by computing 
the rank of Tii{MAn) or of Hi{Ma^), which are lower bounds for the 
genus. □ 


Recall that the first homology group of Ma-^ is 

^ Z © Coker- I). 
We repeatedly use the fact that 

A^-I={A- I){A^-^ + --- + A + I) 


For reference purposes, we upgrade the following easy remark to a 
lemma. 

Lemma 3.2. Let C be an m x m integral matrix such that there is an 
integer s ^ Ini with s\Cij for each i,j. Then the rank of Coker(C) 
is m. 


Proof. The Smith normal form of C is 



with ti\ti+i. 


Since s\Ci^ 


for each i,j, and p is the greatest common divisor of the Cij, then s\ti, 
and the lemma follows. 


□ 


Lemma 3.3. If Ma is not a double branched cover of the 3-sphere, 
and n>2, then the rank of Hi{Ma^) is three. 


Proof. By [ 6 ], the Smith normal form of H — J is ^ 2 ) 'wifh ni\n 2 , 
and ni 7 ^ 1 , 2 . 

Then Hi{MAn) = Z © Coker ((H - + • • • + H + /)) ^ Z © 

Coker{(^^Q ) B) for some matrix B. Now ni divides all entries of the 
matrix {"f ^ 2 ) Lemma [32] applies. □ 
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We assume now that Ma is a double branched covering of S^. Then 
we may assume that A = (“^^ ). If the Heegaard genus of Ma is 

three, then |a|, | 6 | 7 ^ 1 . 

Lemma 3.4. If one of a or b is zero, and n > 2, then the Heegaard 
genus of Ma^ is three. 


Proof. We may assume that 6 = 0. Notice that 



If also a = 0, then — I = (0 []) or ( 0 ^ - 2 ) • Then Lemma 13.21 
applies, and the rank of Hi{Ma^) is three. Assume then that a 7 ^ 0 . 

Claim 3.5. If B = ( 01 ); o,nd |a| > 2, then the rank of Hi(Mb) is 
three. 

Proof of Claim 1 5'. 51 The Smith normal form of i? — / is ( 0 0 ) • Then 
Lemma [321 applies to Hi{Mb) = Z© Coker{B — I). □ 

Claim 3.6. If B = [if Zf), and |a| > 2, then the rank of 71 i{Mb) is 
three. 

Proof of Claim \3.(A The fundamental group of Mb is 

tii{Mb) = {x,y,t : txt~^x,tyt~^yx'^,xyx~^y~^). 

Write ri = txt~^x, r 2 = tyt~^yx'^, and r^ = xyx~^y~^. 

Also write di = d/dx, ^2 = d/dy, and d^ = d/dt, the Fox derivatives. 


Then 


= tyt ^yP, d 2 {r 2 ) = tyt ^ + t, ^(ra) = -tyt ^ + 1 

where P = 1 + x + • • • + x°‘~^ if a > 0, and P = — (x“^ + x~‘^ H— • + x“) 
if a < 0 . Also 

d\{ri) = txt~^ + 1, d 2 {ri) = 0 , ds{ri) = —txt~^ + 1 


and 


= -xyx ^ + 1 , d 2 {r^) = -xyx ^y ^ + x, d 3 (i’ 3 ) = 0 

We dehne a ring homomorphism p : 'Ltii{Mb) —t Ziq, from the group 
ring of tti{Mb) into the ring of integers (mod a). First dehne 


p(x) = 1 , p{y) = 1 , p{t) = - 1 . 
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Extending p : 'Ki^Mb) Zq, multiplicatively, we see that p{ri) = 1 
for z = 1, 2, 3. 

Then we can extend p to the ring group, p : 7jTTi{Mb) — )■ Zq,, as a 
ring homomorphism sending 1 to 1. Also p sends all Fox derivatives of 
the relators ri, r 2 and into zero. 

By [3], we conclude that rank( 7 ri(MB)) = 3. □ 

To hnish the proof of Lemma 13.41 we note that claims 13.51 and 13.61 
give the number 3 as a lower bound for the genus of when n is 
even or odd, respectively. It follows that the genus of is three. 

□ 


The remaining case is |a|, |6| > 2 for A = ( ^ afe-i)- 

Lemma 3.7. If |a|, \b\ > 2, and n>2, then the rank of Hi{MAn) is 
three. 

Proof. If a and b are both even integers, then the Smith normal form 
of A — / is ( "q^ ab/ 2 - 2 )) ^^*^5 ^Be proof of Lemma 13.31 Lemma 13.21 
applies to Coker— I). 

Then assume that a and b are not both even. Note that, then, 

|a6| > 6. 

We dehne /(O) = /(I) = 1, and 

f(n'\ = I if n is odd 

abf{n — l) — f{n — 2), if n is even 
For convenience we dehne /(—I) = 0. 

Claim 3.8. If n > 1, then ~T ■ 

V - 1) f{2n) J 

Proof of Claim \3.^ This follows by an easy induction on n. □ 


Claim 3.9. If n 

> 2, then A" 

+ A"-i + • • • 

+ A + I = 

< 

fin) 

—abfin — 2) 
bfin - 1) 

-afin - 1) 
abfin) 

). 

fin) 1 

^ -fin-2) 

V bfin - 1) 

-af{n - 1) 

fin) 

). ,f ms even. 
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Proof of Claim \3.1A One can check directly that the lemma holds for 
n = 1, 2, and 3. 

Assume that n > 3. 

First Case: “n is even”. Say n = 2k. 

Then, by Lemma [3.81 
A" = A’^A'^ 


-fin-2) -af{n-l) 
bfin-1) fin) 


fin — 2)^ — abf(n — 1)^ afin — 2)f(n — 1) — af{n — l)f(n) 

-bfin - 2)/(n - 1) + bf{n - l)/(n)) -abf{n - 1)^ + /(n)^ 


Write B = ^ + ■ ■ ■ + A + I. Then, by induction on n. 



for, n — 1 is odd. Equating elements 


Bi 1 = f(n — 2)^ — abfin — 1)^ — abfin — l)f{n — 3) 

= f{n-2f-abfin-l){f{n-l) + fin-?,)) 

= /(n — 2)^ — a6/(n — l)/(n — 2), for, n — 1 is odd 
= -fin-2)iabfin-l) - fin-2)) 

= —fin —2)fin), for, n is even 

^ 1,2 = afin - 2) fin - 1) - a/(n - l)/(n) - a/(n - l)/(n - 2) 
= -afin-1) fin) 

B 2 ,i = -bfin - 2) fin - 1) + bfin - l)/(n) + bfin - 2) fin - 1) 
= bfin-l)fin) 

B 22 = —abfin — 1)^ + /(n)^ + abfin — 1)^ 

’ = /(n)^ 


That is 


A^ + A^-^ + --- + A + I= fin) 


-abfin — 2) —afin — 1 ) 
bfin — 1 ) abfin) 


Second Case: “n is odd”. Say n = 2k + 1. 
Now, by Lemma 13.81 
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A" = 

^ ( -f{n - 1) -af{n) \ / -f{n - 3) -af{n - 2) \ 

"V bf{n) f{n + l)) [bf{n-2) f{n-l)) 

_ f f{n- 3)/(n - 1) - abf(n - 2)/(n) af{n - l)f{n - 2) - af{n - l)/(n) \ 
V -bf{n - s)f{n) + bf{n - 2)/(n + 1) -abf{n - 2)f{n) + f{n - l)/(n + 1)) 

Write B = + A"'~^ + • • • + A + J. Then, by induction on n, 


B = A^A- f(n-l) 


—fin — 3) —afin — 2) \ 
bf{n-2) /(n- 1 ) ) 


for, n — 1 is even. Equating 

^ 1,1 = f{n - 3)/(n - 1) - abf{n - 2)/(n) - /(n - 3)/(n - 1) 
= -abf{n - 2)f{n) 


Bi ,2 = af{n - 

2 )/(n- 

■ 1 ) 

- afin 

i-l)fin) 

- afin - 

T—1 

1 

cT 

1 

= -afin 

- ^)fin 

) 





B 2 ,i= -bfin 

-3)/(n 

) + 

bfin - 

2)fin + l) + bfin 

1 

to 

1 

= -bfin 

-3)/(n 

) + 

bfin - 

2 )(/(n + 

1 ) + fin 

- 1 )) 

= -bfin 

-3)/(n 

) + 

bfin- 

2)abf{n) 

for, n + 1 is even 

= bfin)iabfin-: 

2)- 

- fin- 

3)) 




= bf{n)f{n — 1 ) for, n — 1 is even 
B 2,2 = -abf ln - 2)f{n) + f{n - l)/(n + 1 ) + f{n - if 
= -abf{n - 2)f{n) + f{n - l){f{n + 1) + f{n - 1)) 

= —abfiji — 2)f{n) + f{n — l)a 6 /(n) for, n + 1 is even 
= abf{n){f{n-l) - f{n-2)) 

= obfijiY for, n is odd 

That is 


A^ + A^-^ + ■■■ + A + I = f{n) 


—abf{n — 2 ) —af{n — 1 ) \ 

bf {n - 1 ) abf{n) J ' 


□ 


Claim 3.10. If \ab\ > 6, and n >2, then \ f{n)\ > 1. 


Proof of Claim 1X7^ Consider the ‘generating function’ G{z) = 

The even summands of G{z) are given by \{G{z) + G(—z)), and the 
odd summands by |(G(z) — G(—z)). Then, by the dehnition of the 
sequence /, 

-{G{z) + G{-z)) - -abz{G{z) - G{-z)) + -z‘^{G{z) + G{-z)) = 1 
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and 


i(GW - G(-z)) - ^z{G(z) + G(-z)) + ^zHG(z) - G(-z)) = 0, 


that is, 

and 

Thus 


(1 — abz + z‘^)G{z) + (1 + abz + z‘^)G{—z) = 2 
{1 — z + z‘^)G(z) + (—1 — — z‘^)G{—z) = 0. 




and, substituting. 


G(;.) = 


1 + z + z"^ 

1 + z + z^ 


(f = 


Write 

-(2 - ab) + v/(2-a6)2 -4 


1 + (2 — ab)z‘^ + z"^' 

-(2 - ab) - v/(2 - ab)^ - 4 


(f = 


2 ’ " 2 
which are the solutions of 1 + (2 — ab)t + = 0. Notice that ip0 = 1 

and ip + 0 = —{2 — ab). Then 

G(z) = ^ + ^ + 

{l-ipz^){l-0z^)' 

Since \ab\ > 6, we have ip 0^ 0. We can write 

1 + ip + ipZ . 1 + 0 + 0Z 

a = -:-, p = -:-, 


ip-p> 


ip-ip 


then 


Now 


then 


G{z) = 


a 


+ 


0 


1 — ipz‘^‘ 


i=0 




1 — ipz^ 1 — 0z‘^ 
1 


1 — 0Z‘^ 






G(^) = E 

i=0 


0^ -p>^ + 0 


i=0 

*+l _ ,o*+l 

^ ^ ^ ^2i+l 


ip -ip 


+ 


^ ^ ~ 


that is. 


0^ -ip^ + (^fc+i _ 


/(^) = 


0k _ 

0-(p 


ip-ip 


a n = 2k,n > 0 
a n = 2k + l,n > 1 
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Recall that — y'^)/{x — y) = have that, by 

dehnition, i{> > (p. Also, since 'p)(p = 1 , either both 99 , (,3 > 0 or both 

99 , (,3 < 0. 

Assume that n is odd, say, n = 2k + 1. Then if both Lp,(p > Q, it 
follows that > 1 , and 


fin) = ^ > ^‘-1 > 1 , if i > 1 , 


Lp-p> 


i=0 


If both 99 , (,3 < 0, then ip < —1, and 


/(^) = 


ip — ip 
0-ip 


k-l 


k-1 


ip p = p + 2 ^^ ^ ■ 


i=0 


i=l 


If k is odd, then /(n) > <,3^ ^ > 1 when k > 1. If /c is even, then 
f{n) < < —1 when /c > 0, and then |/(n)| > 1. 

In any case |/(n)| > 1 for n odd and n > 5. We check directly 
|/(3)| = |2 — a6| > 4 for, \ab\ > 6. 

Now if n is even, say, n = 2k, then 


fin) 


ipk _ ^k ^ ^k+1 _ ^k+1 


p-p p-p 

k—1 k 

E ,'ik—l—i,A I \ ^ ,'xk—j,A 

p p + 2_^p V • 

i=0 j=0 


Thus, if p,p > 0, /(n) > p^ > 1 for n even and > 2. 

If p and p both are negative numbers, then p < —1 < p < 0. Notice 
that, 99 < 0 implies 2 — ab > 0. Since \ab\ > 6, we have |2 — ab\ > 4. 
Thus v/(2 - a6)2 - 4 > ^4^^ = yA2. 

Then 


-(2 - ab) - W(2-a6)2-4 -4 - ^ 

p = -< 


2 “2 
and since 1 = pp > v?(—3) we have that 

0 > 99 > —1/3 and p < —3. 


= -2 - ^3 < -3 


We compute 
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fc-1 






j=0 


i=o 


k-l 


= 


5:^‘-‘-v + E 




= (p(p(p’‘ 1 ^ (^2* ^ ^ 

i=0 j=0 

i=0 j=0 

2k 


E' 

=0 

(y9 - 1 


= </? 2^</5 

i=0 

= </2' 


The distance from <^9 to 1 is I 93 — 1| < 1 + 1/3 = 4/3 for, 0 > (p > —1/3; 
and the distance — 1| > 1 for, 99 ^^+^ < 0. Thns 


\f{n)\ = W^ 


|^2fc+l _ ]_| 


> > ^3^ > 1 


\(p-l\ ' 4' 

for k > 1. 

Therefore, if ip,ip < 0, |/(n)| > 1 for each n even and n >2. 

In any case, \f{n)\ > 1 for each n>2. □ 


To hnish the proof of Lemma 13.71 we have that, by claims 13.91 
and 13.101 — I = f{n)B for some matrix B, and |/(n)| > 1 if n > 2. 

By Lemma 13^ it follows that iLi(M^n) = Z(BCoker{A^ — I) has rank 
three for n >2. □ 

Remark 3.11. Notice that, following the proof of previons lemma, we 
see that for a torns bnndle M = the power coverings of M have 
genns three if | 6 | > 6 . 


4. Fiber coverings of torus bundles. 

Let Ta Ma ^ be a torus bundle over with monodromy A G 
SL{2,Z). Write M 4 = x R for the inhnite cyclic covering u : 
Ma Ma corresponding to the subgroup 7 ri(T^) < 7 ri(M^). We 
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identify tii{Ta) with through the isomorphism induced by the 

inclusion Ta ^ Ma- The group of covering transformations of u is 
generated by ipA ■ Ma —t Ma given by (Pa{,z,s) = {A{z),s + 1). The 
induced homomorphism {(Pa)# ■ t^i{Ma) —t tii{Ma) acts as the ma¬ 
trix A, and we abuse notation writing (pA = {(Pa)#- Then we have 
an action of the ring group Z(t) on tii{Ma) given by t ■ c = (Pa{c) 
for each c G 7 ri(M^), where (t) is the inhnite cyclic group generated 
by t. The structure of Z(t)-module on tii{Ma) obtained by this action 
is denoted by Ha- Notice that 7 ri(M^) = Ha (t). 

For a covering of hbers of torus bundles, the notation 77 : Mb —t Ma 
is reserved, and implies the following statement; If Ta is a hber of Ma 
and Tb = ri~^{TA), then the diagram 


Tb 
v\ 
Ta 


B 


A 


Tb 

’ll 

Ta 


commutes. 


Theorem 4.1. Let L < Ha be an additive subgroup. Then the follow¬ 
ing are equivalent. 

(1) L is a 7j{t)-submodule of Ha of index n. 

(2) There are B G SL 2 {Tj) a matrix, and hi : Hb -# L a Z(t)- 
isomorphism sueh that hi x 1 : Hb x^^ (t) —)■ Ha x^^ (t) is a 
monomorphism with image of index n. 

(3) There are B G S'L 2 (Z) a matrix and a eommutative diagram of 
fiber preserving eovering spaees 




B 


Mf 


M 


Ma 


where the vertieal arrows, u and v, are the infinite eyelic eov- 
erings of Mb and Ma, respectively, and the horizontal arrows 
are n-fold coverings which are coverings of fibers. 
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Proof. “(1) ^ (2)”. Let L < Ha be an additive subgroup. 

Assume that L is a Z(t)-submodule of Ha of index n. Write Ha = 
{x,y)] then L = ( 01 , 02 ) = < Ha with det{^r) = n. Now 

write B = A\L ■. L ^ L E SL{2, Z), which is the matrix A written in 
terms of the basis {oi, 02 }. 

If Ta is the hber of Ma, let 17 : Tb —)■ be the covering space 
corresponding to L, regarded as a subgroup of ni(TA). Let 61,62 G 
7 ri(TB) be the elements such that rj#{hi) = Oi (i = 1,2). Then Hb is 
generated by 61 and 62 , regarded as elements of tii^Mb). We dehne hi : 
Hb —)■ L as the linear extension of 61 i-A Oi and 62 e-)■ 02 . Then hi is an 
isomorphism, and, since B = A\L, it follows that hi is a Z(t)-morphism. 

We have inclusions 

Ha Ha (t) (t), 

Hb Hb {t) (t). 

Write f = {k\L) o hi, and consider the commutative diagram 


HB X (t) 



Now ^) = f{(pA{t){m)). Indeed, we compute i{t)f{m)i{t 

(l,t)(/ii(m), = {(pA{t){hi{m)),l), and also f{ipA{t){m)) = 

{hi{ipA(t){m)), 1). Since hi is a Z(t)-morphism, we obtain ipA(t){hi{m)) 

hi{ipA{t){m)). 

Then, by the Universal Property of Semi-direct Products, the arrow 
h = f i such that h{m,t) = {hi{m),f) is a homomorphism. If 
h{m,H) = h{n,t^), then hi{m) = hi{n) and H it follows that 

m = n, and a = b. Thus h is a monomorphism. 
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Now the functions 

Ha (^) ot Ha 

L {i) ^ L 


given by 

a{{a,t^) ■ L (t)) = (pA{t~’'){a) ■ L 

and 

/3{a-L) = (a, 1) ■ (L {t)) 
satisfy a/3 = 1, and (3a = 1. 

Therefore the indices n = [Ha ■ L] = [Ha (t) ■. L (t)]. 

“(2) (1)”. Now assume that (2) holds. If hiip) = a, then 

(<dA(t)(a),l) = (l,t)(a, = h{t)h{h)h{t-^) = (hi xl)((l, t)(6,1)(1, f^)) 

(hi X Thus ^pA{t){a) = hi(99B(hi(6))) = (pB{t){a). 

Then (pA(t){L) C L and ipA(t){a) = (pB(t){a) for each a E L. 

As above, the functions 

Ha '^ipA (^) cx Ha 


are bijections, and thus [Ha : L] = n. 

“(2) (3)”. By (2), notice that B = A\L. Then the matrix B solves 

the ‘lifting problem’ 

Hb^—Hb 


Ha^^Ha 


where the vertical arrows are inclusions. Thus, if : T —)■ T is the 
covering space of the torus corresponding to Hb < Ha, then B also 
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solves the topological lifting problem 


T 

i> 

T 


B 


A 


T 

i> 

T 


One can then dehne rj : Mb -A- Ma an n-fold covering of hbers. 
Thus we obtain a diagram 


f X M T X 




B 


Ma 


where the vertical arrows are inhnite cyclic coverings, as required. 
“(3) ^ (1)”. Since we have that the diagram 

i/) X 1 rry' 

Mb -^ Ma 


“1 


Mb 


V 


i 


Ma 


commutes, we see that x 1 is compatible with the covering transfor¬ 
mations of Mb and Ma] that is, x 1) o cpB = (pA° {'ip x ^)- It follows 
that Hb is a Z(t)-submodule of Ha- □ 

Corollary 4.2. Let Ma be a torus bundle and let ip : M ^ Ma be an 
n-fold covering of fibers. If A = , then M = Mb, where 

n 

n / 

and (g r) has determinant n, and corresponds to the subgroup Hb = 
{x^y^,x^y'^) < Ha determined by ip. 


B = 


( det ( ^"+9/^ ^ f 
I f ]ry+q5 r ) 

n 

ypf ( p pa+qh \ 

n 
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Proof. Write ai = and 02 = As in the proof of “(1)^(2)” 
in the theorem, B is the matrix A written in terms of the basis Oi, 02 - 
If i? = (“^), then Aai = a“a 2 , Aa 2 = translates into the linear 
systems 

pa + sc = pa + q(3 pb + sd = sa + r(3 
qa + rc = p'y + q6 qb + rd =57 + r6. 

Solving for a, b, c, d gives B the form of the statement. 

□ 


Remark 4.3. For an integral matrix {qr) with determinant n > 2, 
we have a fnnction ~ : GLifl^ld) —)■ GLifl^ld) snch that A ha A, 
where, if A = (” f), then A is as the matrix B in Corollary 14.21 
Also if A G S'L(2,Z), then A G S'L(2,Z). This fnnction is mnltiplica- 

tive: Ai • A 2 = Ai • A 2 , and preserves inverses: A~^ = A~^. That is, it 
is a gronp homomorphism. We do not know if this last property make 
any geometrical sense in terms of the covering spaces involved. 

Lemma 4.4. Let X, Y and Z path-connected topological spaces. If in 
the following pushout commutative diagram 


X 

Y 


9 


h 


z 

tp 

p 


the arrow p : X ^ Y is a covering space and the arrow g : X ^ Z is 
a homeomorphism, then : Z ^ P is a covering space and h : Y ^ P 
is a homeomorphism. 

In particular ip and -0 have the same number of sheets. 

Proof. We may assnme that 

9{.x) ip{x),Wx G X 

and that and h are the corresponding inclnsions followed by the 
qnotient n -.Y U Z ^ P. 

Note that, if ta G P, then w = {a} U {g{x) : x G p~^{a)} for 
some a G Y. Then h and clearly are snrjective, and h is one-to-one. 
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For f/ C P, if h~^{U) is open, since the square above commutes and g 
is a homeomorphism, it follows that also is open; therefore 

7r“^(P) n Y and 7r“^(P) Pi Z are open in Y and Z, respectively. It 
follows that 7r“^(P) is open inY U Z, and, therefore, U is open in P. 
Thus h is a homeomorphism. 

Now for VF C P, if is open, since (p is an identihcation, it 

follows that h~^{W) is open, and thus W is open in P. That is, V’ is 
an identihcation. 

If ta G P, then there is a fundamental neighborhood V G Y of h~^{p) 
for the covering ip. Then h{V) is a fundamental neighborhood of p 
for ip. Thus "0 is a covering space. 

□ 


Proposition 4.5. Let cp : Mb —)■ Ma he an n-fold covering of fibers of 
torus bundles, where B = A as in Remark 

For any matrix D such that B is conjugate to D in GL{2,X), there 
exists an n-fold covering of fibers : Mb —)■ Me with D = C as in 
Remark \fi^ and Me = Ma- 


Proof. Assume that D = gBg Write Tb for the hber of Mb- Then 
we have a commutative diagram 


Td 

9 


D 


Td 

9 


Tb 


B 


Tb 


where Tb is a torus {Td = 5 '“^(Tb)). This gives a hber preserving 
homeomorphism g : Mb —>■ Mb- Taking the pushout of p and g, 
we obtain h : Ma —)■ M a homeomorphism and ip ■. Mb ^ M a 
covering space with xpg = hp as in Lemma 14.41 Write Ta for the hber 
of Ma, Te = h{TA), and C = hAh-^ : Te ^ Te- Then M = Me- 
Since pjD = 'ipgBg~^ = hpBg~^ = hApg~^ = Cpj, we have that pj is a 
covering of hbers by Theorem 14.11 and D = C, with p, q, s, r given by 
the subgroup Hb < He- 

□ 

4.1. Cyclic coverings of the torus. An n-fold covering space p : 
X ^ y is called cyclic if the associated representation ojr, '- TiiiY) ^ Sn 
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has image uj{ni{Y)) = a cyclic group. Write £n = (1, 2,..., n) G Sn 
for the standard u-cycle. 

For a torus T with 7ri(T) = {a, h : [a, 6]), a cyclic covering rj : T ^ T 
with T connected, has associated representation (r] ■ 7ri(T) —)■ Sn such 
that a ^ Sn, h ^ Sn with, say, (n, a) = 1. Now is conjugate to 
cjp : vri(r) —>■ Sn such that a ^ En, b ^ for some integer p. The 
covering space equivalence class of p, has a unique representative Pp 
with associated representation Up (for uniqueness we assume that, say, 
pe {0,...,n-1}). 

In the one-to-one correspondence between coverings of T and sub¬ 
groups of 7ri(T), we have that Pp corresponds to the subgroup (?7p)^(7ri(T)) 
(a”,a“^6) (see |1], Lemma in p.5). 

4.2. Non-cyclic coverings of the torus. For positive integers m, n, d, 
and io such that m divides n, dm divides n, and (d, Zq) = 1 with 
0 < io < d — 1, write p = iou/d. We construct a transitive repre¬ 
sentation u{m,n,d, p) of vri(T) = {a,b : [a,b]) into S^n with image 
isomorphic to © Z„. 

For j = 0,..., m — 1, define 

(1) aj+i = {jn + IJn + 2,..., jn + n). 

Then a = ai ■ ■ ■ cXm is a product of m cycles of order n. 

If d = 1, then zq = 0, and p = 0. For j = 1,... ,n, define 

'Tj = (j, n + j, 2n + j,..., (m - l)n + j). 

Then r = Ti • • • is a product of n cycles of order m, and uj : 7ri(T) 

Smn given by a i—)■ a, and 6 i—)■ r, is a representation u{m,n, 1,0) as 
required. 

If d > 1, then zq > 0, and p > 0. Dehne 

Tk,j =rk + {j - l)n 

where is the number (fc — l)p+ 1 reduced (mod n), and 1 < j < zn, 
and 1 < A; < d. Then ti = (ri^i, ri_ 2 , ■ ■ ■, is a cycle of order dm. 

Now, for 1 < f < zz/d — 1, dehne 

Uf+l = (Ti^i + i, Ti^2 + f, . . . , Td^m + ^)- 

Then r = tiT 2 - ■ -Tn/d is a product of n/d cycles of order dm, and 
u! : 7ri(T) —)■ Smn given by a i-)- cr, and 6 ha r, is a representa¬ 
tion a;(m, zz, d, p) as required. 
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For example, for m = 2,n = S,d = 4,zo = 1, and p = 2, the 
representation a;(2,8,4, 2) : 7ri(T) —)■ S'lg is given by 

a ^ (1, 2, 3,4, 5, 6, 7, 8)(9,10,11,12,13,14,15,16) 

b ^ (1, 9, 3,11, 5,13, 7,15)(2,10,4,12, 6,14,8,16). 

Lemma 4.6. If u : vri(T) Sk is a transitive representation with 
image isomorphic to © Z„, and with m a submultiple of n, then 
there are non-negative integers d and p such that u is conjugate to 
u{m, n, d, p). 

Proof. Since u is transitive, then u is regular and k = mn. Since m 
divides n, we see that the order of, say, a;(a) is n, and that m divides 
the order of u:{b). We obtain order{u{b)) = dm for some d. Also, 
since x” = 1 for al x G Image{u), then dm divides n. 

For j = 0,... ,m — 1 write Oj+i for the orbit of a;(a) that con¬ 
tains u{by{l), and 'jj+i for the corresponding n-cycle of u}{a) which 
acts on Oj+i in the disjoint cycle decomposition u{a) = 7i • • -ym- For 
j = l,...,m, take v G Smn such that v{u{by{!)) = 1 + jn, and 
v'yjV~^ = aj with cxj as in Equation [1] above; this is possible for, the or¬ 
bits of the 7 j’s are disjoint. Then, if p-|-l = (n-a;(6)-n“^)™'“^(l), we have 
that oj is conjugate to uj{m, n, d, p); that is, n • a; • v~^ = u{m, n, d, p). 

□ 

Remark 4.7. Notice that the n-fold cyclic covering of the torus Pp as 
in Section im can be regarded as the associated covering of a;(l, n, d, p) 
with d = order{ey) = n/{n,p). 

Lemma 4.8. Let p : T ^ T be an mn-fold non-cyclic covering space 
of the torus, T, with m a submultiple of n and T connected. Let uj : 
71 i(T) —>■ Smn be the representation associated to p. Then, as in 
Lemma\4^ uj is conjugate to uj{m,n,d, p) for some integers d and p. 

If, say, u{a) has order n, then for any integer r such that r = p 
mod n, there is a basis d, b of7ii{T) such that p#{d) = aP, and p#{b) = 
a-^b^. 

Proof. The proof goes as the proof in [4], Lemma in p. 5. □ 

Corollary 4.9. Let p ■. T ^ T be an mn-fold covering space with m a 
submultiple of n such that the image of its associated representation is 
isomorphic to Z^ © Z„ (we allow m = 1). 

There is an integer p such that m divides p, and such that the sub¬ 
group of 7ii(T) corresponding to p is p^fwiiT)) = (a"", 
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4.3. Coverings of torus bundles that lower the genus. Let rj : 

T —)■ T be a finite-sheeted covering space of the torus T with T con¬ 
nected. We say that rj extends to a covering of torus bundles if there 
is a covering of fibers between torus bundles, 93 : M —)■ M, such that (p 
restricted to the fiber of M equals rj. 

Lemma 4.10. Let rj : T ^ T be a covering space of the torus T with 
associated representation oj{m, n,d, p), m > 1. Write p = i^n/d. 

Then p extends to a covering of torus bundles M —)■ Ma if and only 
if there are integers p, fc, r, and s such that 


A = 




k 




Proof. Recall that if d = (“ 5 ), then A acts in 7 ri(T) as Ax = x°‘y'^ 
and Ay = x^^y^. 

Write oi = x"', and 02 = x~^y^; then, by Corollary 14.91 L = 
(oi, 02 ) < ti(T) is the subgroup corresponding to p. By Theorem 14. 11 p 
extends to a covering of torus bundles M —)■ Ma if and only if AL C L. 

If A has the form of the statement of the lemma, then Aai = 

Aa 2 = a[al E L, and we conclude that p extends to a covering of torus 
bundles M — )■ Ma- 


If AL C L, then Aai = and Aa 2 = ala^ for some integers 
p, g, r, s. If we write A = (“ ^), then last equations are equivalent to 

na = np — pq, —pa + mfd = nr — ps 

np = qm, —pp + m6 = ms. 

We see that q is of the form q = —fc, and the lemma follows, that is, 

^ = P-^o±K P = - io±s + to±{p - to±k) 


n 


"Y = k, 5 = s + io-;—k. 

dm 


□ 


Remark 4.11. If A is as in the statement of Lemma [4.101 then 


i JL- 
’'^dm 

1 


A 


dm 

1 


-1 


fIL 


That is, it is rather common for a torus bundle Ma to admit a covering 
of fibers. 
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Theorem 4.12. Let ip ■. M ^ M an mn-fold covering of torus bundles 
which is a covering of fibers with m a divisor of n. 

The genus g{M) < g{M) if and only if m < n, and M = Ma, 

and M = Mb, where ^ = ( ^ n 

\ CL CL 
\ m 

for some integer a 7^ ±1. 

Moreover if A has the form above, then the covering space of the torus 
associated to the representation u{n,m,d, p) with p = i^n/d = iomi, 
extends to an mn-fold covering of fibers of Mb onto Ma- 



Proof. If matrices A and B have the form of the statement, then 2 = 
P^Mb) < P^Ma) = 3. See Section [ 2 ^ 

Assnme that g{M) < g{M). Then g{M) = 2, and g{M) = 3. By 
Proposition 14.51 we may assnme that M = Mb with B = f,T\) 
for some integer b, and M = Ma where A is some matrix A = 
and B = A. 


The snbmodule of the infinite cyclic covering of Ma corresponding to 
the covering ip is Hb = (a:", x~^y^) with m a divisor of n, and p = iomi 
(= iou/d). See Corollary 14.91 land Lemma ITSl) . 

As in Remark 14.31 with p = n, q = 0, r = m, and s = —iomi, 


( 


A = 


a + '^io^ 


V 


'yn 

m 


TTl ' 

-jio^i'^ — aioi + Sioi + fi) — 

n 


5 - 7*0^ 


Since we are assnming A = 


h fe-i) ) see that 


bioim + n 

a =-, 

n 


bm 



5 


bi(fifi^m^ + bioimn + 
mn 

bioim + hn — n 
n 


Since 7 is an integer, it follows that n divides bm, say, b = an/m. Then 

a = —aioi. — 1 , fi = —aio^fi^ — aioi-^ — ^ 

7 = a, 6 = aioi + - 1 
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and 


Notice that 

1 iol \ 

0 1 ) 

Since in the conjngacy class of A in GL( 2 ,Z), except for interchange 
of a and n/m^ there is no other matrix in the form of Section fITA we 
see that a ^ ±1 and m < n, for we are assnming giM^) = 3. 

By Lemma [4. 101 the covering of the torns associated to the represen¬ 
tation u{m, n, d, ioTi/d) with n/d = mi, extends to a covering of hbers 
M —)■ Ma if and only if there are integers p, k, r, s snch that 

p - ioik - iois + ioi{p - i^ik) 
k s -f ioik 

Defining k = a, p = —1, s = — 1, and r = —1, we obtain the 

reqnired eqnality. And the theorem follows. 

□ 

Remark 4.13. A representation cj : vri(T) —)■ S '„2 with image Z„©Z„ is 
conjngate to Lj(n, n, 1, 0). The snbgronp of the corresponding covering 
space is L = (x", y"'). If A G SL{2, Z), then AL C L, and A = A. Then 
the extension to a n^-fold covering of hbers is of the form Ma —)■ Ma, 
and there is no genus lowering. 

Remark 4.14. Theorem HT2] implies that, if A = () with a > 0 
and |a|, | 6 | 7 ^ 1 , then for each positive integer m, the torus bundle Ma 
admits an (am)-fold covering space that lowers the genus. 




aioi — 1 


-aio^i"^ — a—ioi — — 

^ m ^ m 

aioi + a— — 1 


A 


1 ioi 
0 1 


-1 


a a- 


n 

m 

- 1 


5. Seifert manifolds 

Let M be the orientable Seifert manifold with orientable orbit surface 
of genus g and Seifert symbol (Oo, g; fdi/ai ,..., fdt/at), where a*, fdt are 
integers with a* > 1 and (a*, /9j) = 1 for i = 1,..., f. 

Then the fundamental group 7ri(M) = (oi, hi,, ag, bg, qi,... ,qt,h : 

= 1,..., = l,qi---qt = [oi, bi] ■ ■ ■ [ag, bg], [h, g*] = [h, aj] = 

[h, bj] = 1) where ai,bi,... ,ag,bg represent a basis for the fundamental 
group of the orbit surface of M. By Lemma 1 of [1] one obtains 
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Lemma 5.1. Let M = {Oo,g-, /9i/ai,... be a Seifert manifold. 

Let ri,... ,rt be integers such that aiUi+jdi = 0 mod n for z = 1,. .., 
and assume that ri + - • •+rt = 0. Then there is an n-fold cyclic covering 
space 

{Oo, g] Bi /«!,..., Bt/at) —)■ M 
where the integer Bi = {uiVi + (di)/n for i = 1,... ,t. 


Lemma 5.2. Let M be the Seifert manifold with symbol {Oo, y, /3/a) 
and g > 0. Then the Heegaard genus of M is 


h{M) 


2g z//3 = ±l 
25 f + 1 otherwise. 


Proof. One can construct a Heegaard decomposition for M of genus 2g 
if = ±1, and a Heegaard decomposition for M of genus 2g + 1 

2g if /3 = ±1 


if /d 7 ^ ±1 (see [T]). Therefore h{M) < 


2g + 1 otherwise. 


Hi{M) = 


Recall that rank{Hi{M)) < h{M). 

Since Hi{M) = ... ,ag,hg,q,h : q'^h^ = l,q = l)Ab, then 

Sg ^ ^ ^ subindex ‘H6’ indicates 

© Z|^| otherwise 

the image of the Abelianization homomorphism. In particular h{M) > 
2g if /3 = ±1 
2g + 1 otherwise. 

□ 


Corollary 5.3. For any integers g > 0, a > 1, and \(3\ > 2 with a 
and (3 coprime, there is a \(3\-fold covering space 

{Oo,g-,±l/a) {Oo,g-,l3/a). 

And the genus g{Oo, g-, (3/a) = g{Oo, g;±l/a) + 1. 


Proof. If we set ri = 0, then, using LemmaEH we obtain Bi = (3/\(3\ = 
±1, and a |/d|-fold covering space {Oo, g-,±l/a) —)■ {Oo, g; (3/a). □ 

Remark 5.4. In the case M is an orientable Seifert manifold with 
non-orientable orbit surface, the following also holds. 

Theorem 5.5 ([5]). Let a, (3 be a pair of coprime integers with a > 1 
and 1/51 > 2; let g < t], and let M be the Seifert manifold with symbol 
{Oo,g-,(3/a). 

If g < —1, then vri(M) is of infinite order and M has a finite covering 
space M = {Oo, g; ±l/a) —)• M such that the Heegaard genus h{M) = 
h{M) + 1. Also rank{Tii{M)) = rank{'Ki{M)) + 1. 
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Also it follows from [5], that the manifolds of Corollary 15.31 and The¬ 
orem 15.51 are the only examples of (branched or unbranched) coverings 
of (orientable or not) Seifert manifolds that lower the Heegaard genus, 
in case the orbit surface is not the 2-sphere. 
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